(ii) Let X be a vector space and T: X-t X be a linear transformation.
Suppose A, B are T-regular subsets of X. Then T(A), A + B are T-regular sets.
(iii) Let X be a topological vector space and T: X-+ X be a continuous map. Suppose A is a T-regular subset of X. Then 2, the closure of A, is also a T-regular set.
(iv) Let X be a uniformly convex Banach space and F be a bounded T-regular subset of X. Then either TX = x, for all x in F or there exists x0 in F such that Sup{ 1(x -xOJj : x E F} = 6(x,, F) < 6(F), the diameter of F.
Proof
Parts (i), (ii), and (iii) are easy to prove. We give below the proof of (iv).
Suppose for some XE F, x # TX. For any YE F, I( y -TxjJ 6 6(F),
Ilv-XII G&F).
Let x0 = (x + Tx)/2. As F is a T-regular set TX E F and x,, E F. The uniform convexity of the space implies the existence of a number CC, O<cc< 1 such that llxo-YII <a WI implies 6(x,, F) < a 6(F). 1 Remark 1.2. Using some properties of T-regular sets we prove the following theorem. THEOREM 1.1. Let K be a nonempty weakly compact T-regular subset of a untformZy convex Banach space X. Further for each weakly closed T-regular subset F of K, with 6(F) > 0, there exists some j(F), 0 < /I(F) < 1, such that for a/t x, y in F.
Then T has a fixed point in K.
Proof
Let H be the collection of all nonempty weakly closed, T-regular subsets of K. Because of property (i) one can use Zorn's Lemma to get a minimal element say F of H.
Suppose for some x in F, x # TX. F is a bounded T-regular set implies there exists x0 in F and a, 0 < a -C 1, such that 6(x,, F) < a 6(F) (by property (iv)). x,, E E, n F implies F, is nonempty, and E,, F are weakly closed sets implies F, is weakly closed. Let x E F,, 1) TX -Tyll da,, 6(F), for all y E F.
Hence T(F) is contained in a closed ball U of centre TX and radius a0 6(F). This implies T(Fn U) c F n U. Now F is a T-regular set, U is a convex set implies Fn U is a T-regular set. Hence by the minimality of F, T(F,) c F,. Also F, is a T-regular set. Hence F,,E H. But 6(FO) <6(F), a contradiction. 1 COROLLARY 1.2. Let K be a nonempty weakly compact T-regular subset of a uniformly convex Banach space and T: K + K be a nonexpansive map.
Then T has a fixed point. COROLLARY 1.3 [ 11. Let K be a nonempty weakly compact convex subset of a uniformly convex Banach space and T: K -+ K be a nonexpansive map.
Then T has a fixed point. DEFINITION 1.2 [3] . If D is a subset of a Banach space X, T is a mapping from D into X, and x1 ED, then M(x,, t,, T) is the sequence (x,, }F= i defined by X n+l=(l-tn)xn+fnT~ where {t, >F= r is a real sequence.
If a point x, and a sequence {t,),"_ i satisfy the following conditions:
(i) C,"=, t, = co. (ii) 0 < t, < b < 1, for all positive integers n, and x,, E D for all positive integers n, then x1 and { tn}Tz, will be said to satisfy Condition A. LEMMA 1.4 [3] . Let D be a subset of a Banach space X and T be a nonexpansive mapping from D into X. If there exist x1 and {tn},mZ, that satisfy Condition A and M(x,, t,, T) is bounded then x, -TX, converges to zero as n-+oo.
Using Lemma 1.4, Ishikawa [3] has proved the following theorem. THEOREM 1.5 [3] . Let D be a closed subset of a Banach space X and T: D + X be a nonexpansive mapping with a nonempty fixed points set F in D. Zf T satisfies Condition B and there exist x, and (t,,},Z= I that satisfy Condition A, then M(x,, t,, T) converges to a member of F.
The following Theorem 1.6 is a generalization of a result of Outlaw [5] . THEOREM 1.6. Let K be a nonempty weakly compact T-regular subset of a umformly convex Banach space X. Let T: K + K be a nonexpansive map satisfying condition B. Then M(x, , 4, T) converges to a fixed point of T for any x1 in K.
Proof. By Corollary 1.2., F = {x E K: TX = x} is nonempty. Hence the result follows from Theorem 1.5. 1 Gillespie and Williams [2] have given the following. THEOREM 1.7 [2] . Let K be a closed, bounded, convex subset of a Banach space X and T: K -+ K be a map satisfying: We use Corollary 1.2 to prove the following results in optimization and approximation theory. (ii) I(Tx-Tyll < Ilx-yl\, for x, y in K.
Then T has a fixed point x0 in K which is a best approximation to y, from K.
ProoJ: Define h:X+R as h(x)=J)x-y,lJ.
1
We give the following simple example to justify the above result. Then all the conditions of Corollary 2.2 are satisfied.
Here -1, 1 E K are such that (i) T(-l)= -1, T(l)=1 and (ii) -1, 1 are both best approximations to 0 from K.
